Hyperbolic sine and cosine
The hyperbolic sine is defined as

sinh(z) = # (1)

where x € R is a real variable.

Y

—~— sinh(z)

Figure 1: Hyperbolic sine as x € [—2.5,2.5].

The hyperbolic cosine is defined as
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—— cosh(z)

Figure 2: Hyperbolic cosine as = € [—2.5,2.5].

The quantities they represent are the hyperbolic correspondants of the
trigonometric quantities sin(z) and cos(x). There are some similarities and
some differences between these functions.

As sin(x), sinh(x) is an odd function. As cos(z), cosh(z) is an even
function.

The mutual behaviour of sin(x) and cos(x) remains unchanged for every
real value of x (it is always sin(z + 7/2) = cos(z)), but this is not the case
for the hyperbolic functions.

sinh(z) and cosh(x) have different paths as x — 0. Moreover,

lim sinh(z) = lim cosh(x) = c

T—+00 Tr— 400 2 (3)
o . e’
lim sinh(z) = — lim cosh(z) = —
T——00 T—+00 2
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They tend to Coincideﬂ for x — 400; they tend instead to be symmetrical
with respect to the x-axis as * — —o0o, so that their absolute values still
coincideﬂ because the e” terms tend to disappear.

Note that in both the limits the exponents of e are positive: in the first
case, x is positive; in the second case, —x is the result of a negative quantity
x preceded by a negative sign.

sinh(z) | cosh(x)

. er er
lim — —
Tr—400 2 2
. e * e "
lim o
T——00 2 2

Table 1: Asymptotic behaviours comparison.

The trigonometric functions are always bounded: —1 <sin(z) <1, -1 <
cos(xz) <1, Vo € R. Their image is always the [—1, 1] subset of R.

The image of sinh(x) is instead the whole R, and the image of cosh(x) is
the subset [1,400) of R. The hyperbolic cosine can never be smaller than 1.

Complex sine and cosine
When considering a complex variable z € C, the trigonometric sine is defined
as:

elZ e—lZ

e @

while the trigonometric cosine is defined as

sin(z) =

e’LZ _|__ 677,2

cos(z) = — (5)

There is a strong similarity between and , as well as between (|2))
and .

IThe terms +e~* tend to disappear and the two hyperbolic functions are overlapped
in the limit case.
2The path of cosh(x) in fact overlaps |sinh(z)].
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Figure 3: Graphical comparison of the asymptotic behaviours of sinh(z) and
cosh(z), according to the limits and the Table [1
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In particular, if z is pure imaginary, so that z = iz, z € R, the obtained

values are:
sin(z) = sin(iz) = ‘ 2; = ¢ 5; - _smi(m) = i sinh(z)
cos(z) = cos(ix) = ¢ —;6 _ 2—i—e = cosh(x)

(6)

The trigonometric sine of a pure imaginary quantity z = iz is ¢ times the

hyperbolic sine of x: it is a pure imaginary quantity itself, being sinh(z) € R.

The trigonometric cosine of a pure imaginary quantity z = iz is the

hyperbolic cosine of x. Note that cosh(z) € R: so, given a pure imaginary
angle iz, its cosine is a real quantity.

Real values greater than unity

While sinh(z) may assume any real value, included values such that | sinh(z)| >
1, it is always cosh(z) > 1. So, not only the cos(z) may exceed 1 when z = iz
is pure imaginary, but it can never be less than 1.

To obtain a sin(z) > 1 as well, an appropriate cornplexﬂ z can be chosen
such that sin(z) equals the cosine of a pure imaginary quantity, which is —
so far — the only suitable way to obtain a real quantity not smaller than 1.

Let S be the desired real quantity to be obtained from the sine. S > 1.
This can be accomplished in two ways.

3The quantity z can not be real, neither pure imaginary, because it would respectively
lead to —1 < sin(z) < 1 and to (6).

i This work is licensed under a|Creative
The Curllng Team Commons “Attribution-ShareAlike 4.0 @ ®@

International”| license. BY SA


https://thecurlingteam.github.io
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en

Method 1

Choose
z=ilog [—i <S+\/SQ—1>} (7)
where log|...] is the natural logarithm. This value for z can be obtained by

a simple inspection of the definition of sine, such that its expression will
finally be equal to S only.

To prove ([7)):

sin(z) = sin {ilog [—i (S +V/S*—1)]} =

e log[—i(S—i-\/ST—l)] . elog[—i(S—&-m)]

21

_i(s+1¢ﬁ)”<s+”52‘l>

21

14+524285/82—-1+58%2-1
—i (S+VS2-1)
21

_QS(S+‘/S2_1).l_S
i (S+VST-1) 20

An alternative proof can be made after some preliminary observations. It
is worth noting in fact that, remembering the definition of the logarithm of
a pure imaginary number:
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(9)
logi = ie
8115

and also the fact that —i = 1/i and the properties of logarithms,
S+vS5?2-1
log [—i (S + VS? —1)] =log ( ; )] =

_ 2 _ (10)

= log (S+ VS? — 1) —logi =

:log(S—l—\/ﬁ) —zg
the complex angle z in @ can be rewritten as
z=ilog [-i (S+V52-1)] =
=i [log (S + VT =1) —iZ| = (11)
=g+z'log <S+\/52— 1)

It has been stated that sin(z) in can provide a real value S > 1 only
if z is such that the sine can be rewritten as a cosine of a pure imaginary
quantity. This is the case: in fact,

sin (g + a) = cos(a) (12)
for any a € C and, in this case, in particular for a = ix. Comparing

with :
sin{g+ilog [S—i—\/ﬁ}}:cos [z’log (S—i—\/ﬁ)] (13)
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Being S > 1, the square root is a real quantity, as well as the argument
of the logarithm, and (therefore) its value. So, from @,

cos [ilog (S +v/S? —1)] = cos(iz) =
(14)

= cosh(z) = cosh [log (S + v/S* — 1)]

This seems not to immediately lead to the desired result S. However,
remembering the definition of hyperbolic inverse cosine,

arccosh(y) = log <y +Vy? - 1) (15)
expression is

cosh [log (S +5? — 1)} —

= cosh [arccosh(S)] = S

which is the same value already obtained in .

Summarizing, from equations —:
sin{g + ilog [S%—\/S2 - 1}} =
= CoS [Z log (S +52% — 1)} =
= cosh [log (S + /52 — 1)] —

= cosh [arccosh(S)] = S

Equation is a direct proof for method 1, by a simple substitution.
Equation is an alternative proof for method 1, which explicitly shows
that this choice of z makes sin(z) equal to a cosine, which in turn provides

the desired real value S > 1. The values of z and
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z=1ilog [—i (S + V52— 1)] 1)

z:g—i-ilog(S—l—\/ﬁ)

used in these proofs are, despite appearance, the same, as shown in .

Method 2

This procedure is similar to the second proof shown for Method 1. Let the
desired value S > 1 be S = cosh(C). It follows that

C' = arccosh(S) = log (S + m> (19)

by the definition of Inverse hyperbolic cosine. Note that C' is real and non-
negative. This value will be used to determine the angle z. Choose:

zz%—iC’z%—ilog(S—i-vSQ—l) (20)

Then,

sin(z) = sin <g - iC) =

oi(5-iC) _ ~i(5-i0)

21
B 015 o—iC _ =i giC B (21)
= 5 =

- —iC L iC

% = cosh(C) =
= cosh [arccosh(S)] = S

In this case, sin(z) provided not immediately a number, but the cosh of

a quantity C'. Relation has then been used in order to directly express
it as the desired number S.
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Note that the value of the angle used here is not the same as the one
used in the second proof of Method 1, which was of the form

z:g+ilog<5+v52—1> (22)

while (20)) is of the form

z:g—ilog(s—l—m) (23)

First, note that the imaginary part is the same. Remembering the prop-
erties of the sine function and completing relation :

sin (g + a) = sin (g — a) = cos(w) (24)
for any a € C, and in particular when « is the pure imaginary quantity
here presented. Method 2 is thus equivalent to Method 1. They both lead
to cos(a) = cosh(C), and S is obtained from C' through the arccosh in the
second proof of Method 1 and in this Method 2.

Pure imaginary values

With an appropriate choice ((22) or (23)) for the complex angle z, its sine
has become equal to the cosine of a pure imaginary angle:

sin(z) = sin (g + iC’) = cos (iC) = -

=cosh(C)>1, CeR

Unlike the trigonometric sine of a real angle, it will thus assume real values
not smaller than 1.

The drawback is that the cosine of the same complex angle will become
equal to the sine of a pure imaginary angle, thus assuming only pure imag-
inary values.

Using the form for z:

z=—=—1C (26)
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The value of the cos(z) can be obtained from the sine itself, with an
argument 7/2 — z instead of z:

™

cos(z) = sin (5 — z> = sin (iC) (27)

Or, alternatively,

cos(z) = sin (g + z> = sin (7 — iC') = sin (iC) (28)

being sin(r — ) = sina, Yo € C. So, either way,

cos(z) = sin (iC') = isinh(C) (29)

according to the result already obtained in @ With the choice for z,
while the sine is forced to be a real quantity not less than 1, the cosine is
forced to be a pure imaginary quantity: their roles, compared to the result
in @, have been exchanged. Due to , (' is a real, non-negative value
and consequently the imaginary part of cos(z) is non-negative, too.

These considerations hold also when the form is chosen for the com-
plex angle z:

z:g—FiC (30)

cos(z) = sin (g + z) = sin (7 +iC) = —sin(iC') = —isinh(C) (31)

cos(z) = sin (g - z) = sin (—iC') = —sin(iC') = —isinh(C) (32)

While both and lead to the same sin(z) = cosh(C'), the corre-
sponding z values represent different angles. When different angles generate
the same sine values, their cosines will necessary have opposite signsﬂ7 due
to their position in the unit circle and the definitions themselves of sine and
cosine.

Regardless of this, also the second example, just presented, showed that
cos(z) is a pure imaginary number. The only difference is the sign of the
imaginary part: here, it is non-positive.

4And vice-versa, when two different angles are related to the same cosine values.
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